The energy density of high frequency waves propagating in highly oscillatory random media is well approximated by solutions of deterministic kinetic models. The scintillation function determines the statistical instability of the kinetic solution. This paper analyzes the single scattering term in the scintillation function. This is the term of the scintillation function that is linear in the power spectrum of the random fluctuations. We show that the structure of the scintillation function is already quite complicated in this simplified setting. It strongly depends on the singularity of the initial conditions for the wave field and on the correlation properties of the random medium. We obtain limiting expressions for the scintillation function as the correlation length of the random medium tends to zero.
Introduction
The energy density of high frequency waves propagating in highly oscillatory random media is well-known to be accurately approximated by the solution to kinetic (radiative transfer) models; see e.g. [2, 3, 7, 11, 12, 18, 22, 23, 24] .
It is also well-known that in some weak sense and asymptotically, the approximation holds for all realizations of the random medium, in the sense that the probability that the energy density of the waves not be given by the kinetic model converges to 0 when the correlation length of the random medium converges to 0. This result is referred to as statistical stability or self-averaging [1, 4, 6, 8, 19, 20] . These results show that the scintillation function, which is defined as the correlation function of the wave energy density (in the phase space), tends to 0 in a weak sense. Understanding how fast the scintillation function converges to 0 is a difficult and complicated problem. It is difficult because the algebra is never straightforward and it is complicated because it depends in a non-trivial way on quite a few physical parameters such as the regularity of the wave initial condition and on the power spectrum of the random fluctuations in the underlying medium.
This paper provides a careful analysis of the single scattering contribution in the scintillation function. By single scattering, we mean the following. The waves are modeled in this paper by a Schrödinger equation. We consider high frequency waves with correlation length λ much smaller than the distance L over which propagation is observed. In other words ε = λ L 1. The random fluctuations of the underlying medium through which waves propagate are assumed to be stationary. The correlation length of the random fluctuations is also assumed to be of size εL so that both the waves and the random medium oscillate at similar frequencies. The power spectrum of the fluctuations is the Fourier transform of the correlation function of the random medium. The scintillation function, which is the correlation function for the wave energy density, may then formally be written as an infinite expansion with terms corresponding to increasing orders of interaction of the waves with the underlying medium [12, 23, 24] . The first non-trivial term in the scintillation function is the one that is linear in the power spectrum. All other terms are at least quadratic in the power spectrum or, when the random fluctuations are not modeled as Gaussian processes, depend on higher-order statistics of the fluctuations. When scattering is relatively weak, the linear term in the power spectrum will then presumably be the dominant contribution in the scintillation function. We referred to this term as the single scattering contribution to scintillation. A detailed description of the wave equation and the single scattering contribution to the scintillation function is presented in section 2.
A complete description of the single scattering term is not sufficient to fully characterize the scintillation. It is known that in the Itô-Schrödinger regime of wave propagation, which is a simplified model for wave propagation, the single scattering term may not be the leading contribution to scintillation [9] . Moreover, the single scattering contribution to scintillation tends to 0 with ε even in dimension d = 1 even though it is known that the kinetic model is not the right limit when d = 1 [14, 16] since waves localize (with a random limit) rather than transport.
Nonetheless, the single scattering contribution is sufficiently rich and interesting physically that we want to present it in detail. Our main results on the asymptotic behavior of single scattering scintillation are given in Theorem 3.1 in section 3 below. There, it is shown that the amplitude of scintillation mainly depends on two ingredients: the structure (regularity) of the initial conditions for the wave equation; and the longrange properties of the correlation function of the random fluctuations. Scintillation is also very much a function of the scale at which the energy is observed. Point-wise estimates or estimates at a scale smaller than or equal to ε inevitably yield unstable quantities. The energy density needs to be averaged over a sufficiently large domain in order to be stable. We mainly consider the stability of the energy density averaged over such a sufficiently large domain. We briefly comment on the stability of measurements performed over small domains that are nonetheless of size much larger than ε; see also [8, 9] .
The salient features of Theorem 3.1 below are that scintillation is typically larger when the initial conditions for the Schrödinger equation are highly localized in space.
This picture holds when the correlation function of the random medium is integrable. When the correlation function of the random medium decreases very slowly (this is the regime of long-range memory effects), then a different behavior emerges and the maximal scintillation is obtained when the initial condition of the wave equation is equally singular in the space and momentum variables. This peculiar behavior is also dimension dependent. The complex behavior of the scintillation function depends on the detailed structure of the initial conditions for the Schrödinger equation and is explained in detail in section 2.
The proof of the results is based on the analysis of oscillatory integrals, which is conducted by means of estimates of various Fourier transforms. The details of the proof can be found in section 4. It uses standard lemmas of real analysis that are stated without proofs in section 5.
Single scattering scintillation
Although we expect the results mentioned below to generalize to other wave equations, we restrict ourselves here to the simplest mathematical model for high frequency waves propagating in random media and define u ε as the solution to the following random Schrödinger equation:
augmented with a deterministic initial condition u ε (0, ·) uniformly bounded in L 2 (R d ) with respect to ε, for d ≥ 1. Here, V is a mean-zero homogeneous stationary random field with autocorrelation R(x) := EV (x + y)V (y) and is time-independent. The symbol E denotes the ensemble average with respect to a given probability space (Ω, F, P) on which V is defined. The Wigner transform of u ε is defined as, see [17] :
whereū ε is the complex conjugate of u ε , and W ε satisfies the stochastic Wigner equation
whereV denotes the Fourier transform of V with the convention
The initial condition of (1), denoted by W 0 ε (x, k), is the Wigner transform of u ε (0, ·). Let a ε := EW ε be the ensemble average of W ε . For sufficiently rapidly decaying correlation function R, a ε converges in a proper functional setting to the solution a 0 of a radiative transfer equation. Such result has been proved in different frameworks by several authors: see for instance [5, 6, 21] for time-dependent random potentials, or [1, 8, 20] for Itô-Schrödinger equations. For the more difficult case of time-independent potentials, the rigorous convergence is proved in [24, 12] for Gaussian potentials, and a 0 solves
, where δ is the Dirac distribution and the power spectrumR(k) is the Fourier transform of the correlation function R(x). The above radiative transfer is known to hold for wave equations other than the Schrödinger equation [18, 22] .
Long range correlations.
Here, we are interested in random fields with possibly long range interactions, which can be modeled with slowly decaying autocorrelations that do not belong to
, some simple rescaling arguments show thatR is singular at the origin and behaves like |k| −δ . This leads us to consider correlation functions with singular Fourier transforms near the origin of the formR
with S bounded and continuous at zero. Since, 0 < δ < d,R is locally integrable. Physically realizable media will also have R (k) dk = R(0) < ∞. Short-range correlations correspond to integrable R. In this caseR is bounded so we may take δ = 0 in (2).
Scintillation. Very few results exist on the rigorous limit of the random process W ε . It is proved in [6] for potentials that are Markovian in time and under additional hypotheses on the Wigner transform (essentially that it is square integrable by mixture of states) that W ε converges weakly and in probability to its average a ε , that is
Above, ϕ is a test function in the Schwarz space S(R 2d ) and ·, · denotes the S − S duality product, where S is the space of tempered distributions. The latter result means that the Wigner transform is self-averaging. This is an important property for instance in the analysis of the refocusing properties of time-reversed waves [6, 10, 13, 19] for which it is shown that the quality of refocusing is independent of the local fluctuations of the random medium and hence only depends on macroscopic characteristics. Within the Itô-Schrödinger regime, the optimal rate of convergence can be computed and shown to depend on some parameters of the problems such as the size of support of the initial condition of the Schrödinger equation, see [8, 9] . The convenient tool in the analysis is the scintillation function J ε (or covariance function), defined as
whose weak convergence to zero implies the convergence in probability thanks to the Chebyshev inequality
Showing that J ε goes to zero is a difficult task and can be rigorously done within the Itô-Schrödinger regime for short-range correlations since it satisfies a closed-form equation, a transport equation with highly oscillating coefficients. In the regime of interest in this paper, the scintillation does not satisfy a closed-form equation. We will therefore follow a perturbative approach and only consider the scintillation created by single scattering, that is after only one interaction with the random potential, assuming scattering is weak enough so that multiple interactions can be neglected. Doing so, we can obtain an exact expression of the scintillation and fully characterize its limit. Such expression follows from a multiple scattering expansion of W ε : introducing first the free transport semigroup J, Jh(t, x, k) := h(x − tk, k), and the operator
then (1) can be recast as the integral equation
whose solution can be decomposed formally as the multiple scattering expansion:
Retaining only the terms j ≤ 1 in the latter decomposition, we have
Above, we used the facts that V is mean-zero and the initial condition is assumed to be deterministic.
Initial conditions. In the Itô-Schrödinger regime [8, 9] , the scintillation function is known to very much depend on the structure of the initial conditions. Such a statement remains valid here.
Consider first initial conditions u ε (0, ·) oscillating at frequencies of order ε −1 and with a spatial support of size ε α for 0 ≤ α ≤ 1. The parameter α quantifies the macroscopic concentration of the initial condition. The simplest example is a modulated plane wave of the form (or a pure state):
where χ ∈ S(R d ). The direction of propagation is given by q 0 . Note that the above sequence of initial conditions is uniformly bounded in L 2 (R d ), and that the related Wigner transform reads
where a(x, k) is the Wigner transform of the rescaled initial condition u ε=1 and is realvalued. We then slightly generalize the latter expression by considering initial condition of the form
The parameter α measures the concentration of the initial conditions in the spatial variables while β measures that in the momentum variables. We restrict α and β to be less than one to ensure that ε −1 is the highest frequency in the problem. Allowing for higher frequencies while still considering a Wigner transform at the frequency ε −1 will lead to vanishing limiting Wigner transforms and would be of little interest for then energy is lost when passing to the limit, see e.g. [15, 17] .
The most physical case is when α + β = 1 as in (5) . This is related to the Heisenberg uncertainty principle, which states that waves cannot be localized both in space and momentum. The case α + β > 1 can be treated mathematically in the same fashion as the physical case and so we present it for completeness. The case α + β < 1 corresponds to mixtures of states and can be obtained by averaging of a(·, ·; ζ) with respect to an additional measure in the ζ variable in order to regularize the initial conditions; see e.g. [6] .
Some notations. We denote by
Let as well x := (1 + |x| 2 ) 1/2 for x ∈ R d and a ∧ b (resp. a ∨ b) be the minimum (resp. maximum) of a and b. We denote by a b the inequality a ≤ Cb, where C > 0 is some universal constant.
Main results
Let ϕ ∈ S(R 2d ) be a real valued test function and let W . We denote by w ε the quantity
The main result of the paper is Theorem 3.1 below, which states that the scintillation corresponding to single scattering is of order ε (d−δ)(1−α)+1−α∧β . When δ = 0, which corresponds to the case of an integrable correlation function R(x), we find in the physical case α + β = 1 that scintillation is maximal when β = 0 and α = 1. In this case it is proportional to ε. This corresponds to highly localized initial conditions in space and is consistent with the results obtained in the Itô-Schrödinger regime in [8, 9] . The unphysical case α = β = 1 predicts stability of order O(1). This is consistent with the results obtained in [1] 
These results show that the single scattering contribution of scintillation converges to zero and this is consistent with the fact that the Wigner function is self-averaging. Note however, that in dimension d = 1, the above results also predict self-averaging of the Wigner transform since scintillation is always smaller than O(ε 1 2 ). Yet it is known that waves localize in dimension d = 1 and that the deterministic radiative transfer model is replaced by a stochastic limit [14, 16] . In dimension d = 1, it turns out that there are larger contributions to scintillation than that given by single scattering. The single scattering contribution is however dominant in certain regimes and its asymptotic limit is characterized in detail in the following result.
Theorem 3.1 Assume the initial condition W 0 ε has the form (6) with a ∈ S(R 2d ) and that the scattering cross section is given by (2). Then ε
, converges pointwise on (0, T ] and uniformly on [t 0 , T ] to w(t), for any t 0 > 0 independent of ε, where:
• if α = 0, 0 < β ≤ 1:
• if β = 0, 0 < α < 1:
• if β = 0, α = 1:
• if 0 < β < α < 1:
• if 0 < α ≤ β < 1:
• if α = β = 1:
Above F(f a) denotes the Fourier transform of the product f a with respect to the variables x and q.
All the integrals appearing in the above theorem are finite since the product f a belongs to S(R 2d ) and so does F(f a). Such a regularity on the initial condition a is not used in the analysis and only simplifies the calculations. The hypotheses a ∈ S(R 2d ) could thus be relaxed to a large extent. Note also that the above integrals do not vanish for generic choices of a and ϕ. The above terms indeed characterize the limiting scintillation functions.
We repeat that the physical case of a pure state initial condition (4) yields initial conditions for the Wigner transform of the form (5), i.e., with α + β = 1. The case α = β = 1 is therefore presented for completeness only as such initial conditions cannot be obtained from taking the Wigner transform of solutions to the Schrödinger equation.
The results of the theorem can be straightforwardly generalized to some particular cases. For instance, when α = β = 0, which corresponds to choosing smooth initial conditions for the Wigner equation, we can actually consider test functions of the form
and simple calculations show that the roles of (α, β) and (γ 1 , γ 2 ) are symmetrical. As another example, when α = γ 2 = 0, the theorem applies with minor changes with α replaced by γ 1 . More precisely, we have the following proposition:
Proposition 3.2 Assume the initial condition W 0 ε has the form (6) with a ∈ S(R 2d ) and that the scattering cross section is given by (2) . Assume moreover that the test function ϕ in the definition of w ε is replaced by (7). Then, there exist two non-identically zero continuous functions w 1 and w 2 on [0, T ], such that, if α = β = 0,
pointwise on (0, T ] and uniformly on [t 0 , T ], for any t 0 > 0 independent of ε.
According to the proposition, when α = 0 and β = 1, the scintillation is of order O(ε (d−δ)(1−γ 1 ) ), so that statistical stability occurs as soon as γ 1 < 1, i.e., as soon as the array of detectors is large compared to the wavelength, as we expect physically. When γ = 1, scintillation is an O(1). These results are consistent with the ones obtained in [8] . The proof of the proposition is postponed to section 4.8.
Proofs
The proof is done by deriving an exact expression for w ε and by passing to the limit in it. The general equation for w ε is obtained in section 4.1. We then treat the different cases in the following sections according to α and β. The schemes of the proofs are all essentially the same: we perform Taylor expansions of the function f ε defined in (10) and carefully estimate the growth of the remainders according to the different variables. This allows to recast w ε as a leading term and a negligible one and the different expressions of the limiting w ε follow from a passage to the limit in the leading order.
Equation for Scintillation.
Here we derive an equation for the lowest order scintillation term W ε 11 , and an expression for its integral against a pair of test functions of S(R 2d ). When there is no confusion, we do not precise the domains of integration to simplify the presentation. We have, for the first order scintillation:
Using the fact that
where δ is the Dirac distribution, we obtain
Now make the substitution k = q 1 − η 1 . SinceR and cos are even functions, only the even part of the remaining terms survives. We thereby conclude
where, since the integrand is even, we have replaced cos θ by exp [iθ] . The moment may now be written
Now change k → εk to get
Substituting for JW 0 ε using (6) and the expression of the free transport semigroup J, and get
Changing variables, in order,
we obtain the final expression:
Above, we recall that F(f ε s a)(ξ, ν, k) denotes the Fourier transform of f ε s (x, q, k)a(x, q) with respect to x and q. Equations (9) and (10) are the starting points of the proof of the theorem. We treat now the different cases separately.
The case
For such a configuration, we have:
We single out the leading order in w ε by applying lemma 5.1 to f ε s with y = x + tq 0 ,
where, for any multi-index λ, and t ≤ T ,
It thus follows that
where
As a belongs to S(R 2d ), so do the quantities F(f s a) and F(r ε a). In particular, using (12) and lemma 5.2 with f (x, q, k) = r ε s (x, q, k) and g = a, it follows that R ε decays fast enough with respect to k so that |k| −δ S(kε)R ε (t, k) is integrable in k (recall that S is bounded) with a bound independent of ε, for any 0 ≤ t ≤ T . As a result, the contribution to w ε from the term involving R ε is of order ε d−δ+1+β , uniformly in time. In the same way, (12) together with lemma 5.2 gives for instance,
which allows first to pass to the limit pointwise in k and uniformly for t ∈ [0, T ] in L ε (t, k) using dominated convergence and then in (11) uniformly for t ∈ [0, T ] to obtain the announced result.
4.3
The case β = 0, 0 < α < 1.
In this case, after the change of variable s → sε α , we find:
Applying lemma 5.1 to f ε s with y = t(q + q 0 ),
We have, for any multi-index λ,
Note that we used above the fact that 0 ≤ sε α ≤ t and 0 ≤ t ≤ T . We thus can write:
Using (12) and lemma 5.2 with f (x, q, k) = f sε α (q, k), r ε s (x, q, k) and g = a yields for instance
Consequently,
with equivalent relation for R ε . This shows first that |k| −δ S(kε 1−α )R ε (t, k) is integrable in k with a bound independent of ε, for any 0 ≤ t ≤ T , so that the remainder is of order
Regarding the leading term, we first fix |k| > 0, and 0 < t ≤ T . Using dominated convergence, thanks to estimates (15) above, we have,
If t > t 0 , where t 0 is independent of ε, then the convergence is uniform with respect to t. We then pass to the limit in (13) using dominated convergence and (16). I.e.
Since this case is very similar to the previous one, we only underline the main differences. Directly starting from (13) with α = 1, we use here the expansion
s (x, q, k), and have consequently the following estimates, valid for any multi-index λ.
We then obtain the following decomposition into leading and negligible terms:
where 4.5 The case 0 < β < α < 1.
After the change of variable s → sε α−β , (9) becomes: w ε (t) = ε 
Note that we used above the facts that sε α−β ≤ t and 0 ≤ t ≤ T . We now decompose k on an orthonormal basis of R d such that k = k q 0 + k ⊥ , k ∈ R, k ⊥ ∈ R d , with q 0 ·k ⊥ = 0 and denote by k = (k , k Using (19) and lemma 5.2 with f (x, q, k) = f sε α−β (k), r ε s (x, q, k) and g = a gives the estimates, for λ = 0, 1: .
